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Abstrat
In these leture notes, we give a quik aount of the theory of Poisson
groupoids and Lie bialgebroids. In partiular, we disuss the universal lifting
theorem and its appliations inluding integration of quasi-Lie bialgebroids, inte-
gration of Poisson Nijenhuis strutures and Alekseev and Kosmann-Shwarzbah's
theory of D/G-momentum maps.
1 Introdution
These are the leture notes for a mini-ourse given by the third author at ICTP Trieste
in July 2005. The purpose of the mini-ourse was to give a quik aount of the theory
of Poisson groupoids in Poisson geometry. There are two important partiular lasses
of Poisson groupoids: Poisson groups are one, the so alled sympleti groupoids are
another. They orrespond to two extreme ases.
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Poisson groups are Lie groups whih admit ompatible Poisson strutures. Poisson
groups were introdued by Drinfeld [10, 11℄ as lassial ounterparts of quantum groups
[6℄ and studied by Semenov-Tian-Shansky [38℄, Lu-Weinstein [29℄ and many others (see
[6℄ for referenes). These strutures have played an important role in the study of
integrable systems [38℄.
The innitesimal analogues of Poisson groups are Lie bialgebras. A Lie bialgebra is a
pair of Lie algebras (g, g∗) satisfying the following ompatibility ondition: the obraket
δ : g → ∧2g, i.e. the map dual to the Lie braket on g∗, must be a Lie algebra 1-
oyle. The Jaobi identity on g∗ is equivalent, through dualization, to requiring that
δ2 = 0. Here we extend the linear operator δ : g → ∧2g to a degree 1 derivation
∧∗g → ∧∗+1g in a natural way. Indeed for a Lie algebra g, the Lie braket on g
extends naturally to a graded Lie braket on ∧•g so that (∧•g,∧, [·, ·]) is a Gerstenhaber
algebra. Using this terminology, a Lie bialgebra is nothing other than just a dierential
Gerstenhaber algebra (∧•g,∧, [·, ·], δ) [18℄. A drawbak of this denition is that it
does not seem obvious that the roles of g and g∗ are symmetri. A simple way to
get around this problem is to view this dierential Gerstenhaber algebra as one part
of Kosmann-Shwarzbah's big braket struture [18℄. However, a great advantage of
the obraket viewpoint is that the Drinfeld orrespondene between Lie bialgebras
and Poisson groups [10, 11℄ beomes muh more transparent. Namely, on the level
of the integrating Lie group G, the obraket dierential δ : ∧∗g → ∧∗+1g integrates
to a multipliative bivetor eld π ∈ X2(G), and the relation δ2 = 0 is equivalent to
[π, π] = 0. In other words, (G, π) is a Poisson group.
Two deades ago, motivated by the quantization problem of Poisson manifolds, Karasev
[16℄, Weinstein [41℄ and later Zakrzewski [48, 49℄ introdued the notion of sympleti
groupoids. Sympleti groupoids are Lie groupoids equipped with ompatible sym-
pleti strutures. In a ertain sense, they are semi-quantum ounterparts of Poisson
strutures. If one thinks of Poisson manifolds as non-linear Lie algebras, then sympleti
groupoids serve as analogues of non-linear Lie groups. And their orresponding (on-
volution) algebras give rise to quantizations of the underlying Poisson strutures [43℄.
The preise link between quantization of Poisson manifolds and sympleti groupoids
was laried only very reently by Cattaneo-Felder [3, 4℄.
The existene of (loal) sympleti groupoids gives an armative answer to a lassial
question: Does every Poisson manifold admit a sympleti realization? A sympleti
realization of a Poisson manifold (M,π) onsists of a pair (X,Φ), where X is a symple-
ti manifold and Φ : X → M is a Poisson map whih is a surjetive submersion. Hene,
a sympleti realization (X,Φ) amounts to embedding the Poisson algebra C∞(M) as
a Poisson subalgebra of the sympleti algebra C∞(X). In other words, a sympleti
realization of a Poisson manifold M desingularizes the Poisson struture. We refer to
[21℄ for a detailed study of this topi. Clearly, sympleti realizations are by no means
unique. The question of nding sympleti realizations of a Poisson manifolds an be
traed bak to Lie [24℄, who in fat proved the loal existene of suh a realization
for regular Poisson strutures. The loal existene for general Poisson manifolds was
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obtained by Weinstein [40℄ using the splitting theorem. And, in 1987, Karasev [16℄ and
Weinstein [41℄ independently proved the existene of a global sympleti realization
for any Poisson manifold. Strikingly, they disovered that among all suh realizations,
there exists a distinguished one whih admits automatially a loal groupoid struture
ompatible, in a ertain sense, with the sympleti struture. The global form of this
notion is what is now alled a sympleti groupoid. It is thus natural to explore why
groupoid and sympleti strutures arise simultaneously in suh a striking manner from
a Poisson manifold.
In 1988, Weinstein introdued the notion of Poisson groupoids, unifying both Poisson
groups and sympleti groupoids under the same umbrella [42℄. It was thus tempt-
ing to develop an analogue to Drinfeld's theory for Poisson groupoids, whih in turn
ould be used to study sympleti groupoids. In 1994, Makenzie and one of the authors
disovered the innitesimal ounterparts of Poisson groupoids, whih are alled Lie bial-
gebroids [32℄. They an be simply haraterized as dierential Gerstenhaber algebras
of the form (Γ(∧•A),∧, [·, ·], δ), where A is a vetor bundle [45℄. The integrability of
Lie bialgebroids was proved in [33℄ using highly non-trivial tehniques. Given a Poisson
manifold (M,π), its otangent bundle T ∗M arries a natural Lie algebroid struture and
(T ∗M,TM) is indeed naturally a Lie bialgebroid. Its orresponding dierential Ger-
stenhaber algebra is (Ω∗(M),∧, [·, ·], dDR). If Γ⇒ M is the α-onneted and α-simply
onneted Lie groupoid integrating the Lie algebroid struture on T ∗M , then Γ ⇒ M
is a Poisson groupoid and the Poisson struture on Γ resulting from the integration of
dDR turns out to be non-degenerate. Thus one obtains a sympleti groupoid. We refer
the reader to [8, 9℄ for integrability riteria for Poisson manifolds. Another proof of the
existene of sympleti groupoids was reently obtained by Cattaneo-Felder [3℄ using
the Poisson sigma model.
Quasi-Lie bialgebroids are the innitesimal objets assoiated to quasi-Poisson groupoids.
They were introdued by Roytenberg [37℄ as a generalization of Drinfeld's quasi-Lie
bialgebras [12℄. Twisted Poisson strutures [39℄ are examples of quasi-Lie bialgebroids
[37℄. It is thus a natural question to ask whether every quasi-Lie bialgebroid integrates
to a quasi-Poisson groupoid. On the other hand, quasi-Poisson groupoids also arise
naturally in the study of generalized momentum map theory. In [2℄, Alekseev and
Kosmann-Shwarzbah introdued quasi-Poisson spaes with D/G-momentum maps,
whih are generalizations of quasi-Hamiltonian spaes with group valued momentum
maps [1℄ (see also [22, 47℄ from the view point of Hamiltonian Γ-spaes). It turns out
that these quasi-Poisson spaes are exatly Hamiltonian Γ-spaes, where Γ denotes a
quasi-Poisson groupoid. A primordial tool for integrating quasi-Lie bialgebroids is the
so alled universal lifting theorem: for an α-onneted and α-simply onneted Lie
groupoid Γ there is a natural isomorphism between the graded Lie algebra of multi-
pliative multi-vetor elds on Γ and the the graded Lie algebra of multi-dierentials
on its Lie algebroid A  see Setion 4.1 for the preise denition of multi-dierentials.
Many well-known integration theorems (in partiular of Lie bialgebroids and of twisted
Poisson manifolds) are easy onsequenes of this universal lifting theorem. This is also
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the viewpoint we take in these notes. In partiular, we disuss the integration problem
of Poisson Nijenhuis strutures as an appliation.
The notes are organized as follows. In Setion 2, we give a quik aount of Poisson
group and Lie bialgebra theory. In Setion 3, we introdue Poisson groupoids and Lie
bialgebroids. Setion 4 is devoted to the universal lifting theorem and its appliations
inluding quasi-Poisson groupoids and integration of Poisson quasi-Nijenhuis strutures.
Aknowledgments. We would like to thank the organizers of the ICTP program on
Poisson geometry for organizing suh a wonderful event.
2 Poisson groups and Lie bialgebras
2.1 From Poisson groups to Lie bialgebras
Let us reall the denition of Poisson groups.
Denition 2.1 ([10, 11℄). A Poisson group is a Lie group endowed with a Poisson
struture π ∈ X2(G) suh that the multipliation m : G × G → G is a Poisson map,
where G×G is equipped with the produt Poisson struture.
Example 2.2. The reader may have in mind the following two trivial examples.
1. For any Lie algebra g, its dual (g∗,+) is a Poisson group where (i) the Lie group
struture is given by the addition (ii) the Poisson struture is the linear Poisson
struture, i.e. Lie-Poisson struture.
2. Any Lie group G is a Poisson group with respet to the trivial Poisson braket.
To impose that m : G × G → G is a Poisson map is equivalent to impose any of the
following two onditions
1. ∀g, h ∈ G, m∗(πg, πh) = πgh or,
2. ∀g, h ∈ G, (Rh)∗πg + (Lg)∗πh = πgh.
(Here πp ∈ ∧2TpG stands for the value of the bivetor eld at the point p ∈ P .)
This leads to the following denition:
Denition 2.3 ([28℄). A bivetor eld π on G is said to be multipliative if
(Rh)∗πg + (Lg)∗πh = πgh, ∀g, h ∈ G. (1)
In partiular, π ∈ X2(G) endows G with a struture of Poisson group if, and only if, (i)
the identity [π, π] = 0 holds and (ii) π is multipliative.
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Remark 2.4. Any multipliative bivetor π vanishes in g = 1, where 1 is the unit
element of the group G. This an be seen from Eq. (1) by letting g = h = 1.
It is sometimes onvenient to onsider π˜(g) = (Rg)
−1
∗ πg rather that π itself. Note that
π˜(g) is, by onstrution, a smooth map from G to ∧2g (where, impliitly, we have
identied the Lie algebra g with the tangent spae at g = 1 of the Lie group G). When
written with the help of π˜, the ondition (Rh)∗πg + (Lg)∗πh = πgh reads
(Rgh)
−1
∗ [(Rh)∗πg + (Lg)∗πh] = (Rgh)
−1
∗ πgh
π˜(g) + Adgπ˜(h) = π˜(gh).
I.e. π˜ : G→ ∧2g is a Lie group 1-oyle, where G ats on ∧2g by adjoint ation.
Now, dierentiating a Lie group 1-oyle at the identity, one gets a Lie algebra 1-
oyle g → ∧2g. For example, the 1-oyle δ : g → ∧2g assoiated to the Poisson
struture π˜ is given by
δ(X) =
d
dt |t=0
π˜
(
exp(tX)
)
=
d
dt |t=0
(Rexp(−tX))∗πexp(tX)
= (φ−t)∗πφt(1) = (L←−Xπ)|g=1,
whereX denotes any element of g,
←−
X is the left invariant vetor eld onG orresponding
to X and φt is its ow.
We have therefore determined L←−
X
π at g = 1. We now try to ompute it at other points.
For all g ∈ G, sine π is multipliative, we have ∀X ∈ g,
πg exp(tX) = (Rexp(−tX))∗πg + (Lg)∗πexp(tX)
(Rexp(−tX))∗πg exp(tX) = πg + (Rexp(−tX))∗(Lg)∗πexp(tX)
(φ−t)∗πφt(g) = πg + Lg(φ−t)∗πφt(1).
Taking the derivative of the previous identity at t = 0, one obtains:
(L←−
X
π)|g = (Lg)∗L←−Xπ|1 = (Lg)∗δ(X).
whih implies that L←−
X
π is left invariant. For all Y ∈ ∧kg, we denote by ←−Y (resp. −→Y )
the left (resp. right) invariant k-vetor eld on G equal to Y at g = 1. Then we obtain
the following formula:
L←−
X
π =
←−−−
δ(X).
and, for similar reasons
L−→
X
π =
−−−→
δ(X).
We an now extend δ : g→ ∧2g to a derivation of degree +1 of the graded ommutative
assoiative algebra ∧∗g that we denote by the same symbol δ : ∧•g→ ∧•+1g.
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Lemma 2.5. 1. δ2 = 0
2. δ[X, Y ] = [δX, Y ] + [X, δY ], ∀X, Y ∈ g
Proof. (1) For all X ∈ g,
[
←−
X, [π, π]] = 2[[
←−
X, π], π] = 2[
←−−−
δ(X), π] = 2
←−−−
δ2(X).
But [π, π] = 0, hene δ2(X) = 0.
(2) This follows from the graded Jaobi identity:
[
←−−−
[X, Y ], π] = [[
←−
X,
←−
Y ], π] = [[
←−
X, π],
←−
Y ] + [
←−
X, [π,
←−
Y ]].
The innitesimal objet assoiated to a Poisson-Lie group is therefore as dened below.
Denition 2.6. A Lie bialgebra is a Lie algebra g equipped with a degree 1-derivation
δ of the graded ommutative assoiative algebra ∧•g suh that
1. δ([X, Y ]) = [δ(X), Y ] + [X, δ(Y )] and
2. δ2 = 0.
Remark 2.7. Reall that a Gerstenhaber algebra A = ⊕i∈NAi is a graded ommuta-
tive algebra s.t. A = ⊕i∈NA(i) (where A(i) = Ai+1) is a graded Lie algebra with the
ompatibility ondition
[a, bc] = [a, b]c+ (−1)(|a|+1)|b|b[a, c]
for any a ∈ A|a|, b ∈ A|b| and c ∈ A|c|.
A dierential Gerstenhaber algebra is a Gerstenhaber algebra equipped with a degree
1 derivation of square zero and ompatible with respet to both brakets [45℄.
The Lie braket on g an be extended to a graded Lie braket on ∧•g so that (∧•g,∧, [·, ·])
is a Gerstenhaber algebra. Using this terminology, a Lie bialgebra is nothing else than
a dierential Gerstenhaber algebra (∧•g,∧, [·, ·], δ).
Given a Lie bialgebra (g, δ), let us onsider its dual δ∗ : ∧2g∗ → g∗ of the derivation δ.
Let [ξ, η]g∗ = δ
∗(ξ ∧ η) for all ξ, η ∈ g∗. The bilinear map (ξ, η) → [ξ, η]g∗ is skew-
symmetri and
δ2 = 0 ⇔ [·, ·]g∗ satises the Jaobi identity
Therefore, the dual g∗ of a Lie bialgebra (g, δ) is a Lie algebra again (whih justies
the name). Conversely, a Lie bialgebras an be desribed again by:
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Proposition 2.8. (see [6℄ Chapter 1 for instane) A Lie bialgebra is equivalent to a
pair of Lie algebras (g, g∗) ompatible in the following sense: the oadjoint ation of g
on g∗ is a derivation of the braket [·, ·]g∗, i.e.
ad∗X [α, β]g∗ = [ad
∗
X α, β]g∗ + [α, ad
∗
X β]g∗ for all X ∈ g, α, β ∈ g∗.
Remark 2.9. Note that Lie bialgebras are in duality: namely (g, g∗) is a Lie bialgebra
if and only if (g∗, g) is a Lie bialgebra. This piture an be seen more naturally using
Manin triples, whih will be disussed in the next leture.
2.2 r-matries
We now turn our attention to a partiular lass of Lie bialgebras, i.e. those oming
from r-matries.
We start from a Lie algebra g. Assume that we are given an element r ∈ ∧2g. Then
dene δ by, for all X ∈ ∧•g, δ(X) = [r,X ]. As an easily be heked, δ is a derivation
of ∧•g. Note that, in terms of (Chevalley-Eilenberg) ohomology, δ is the oboundary
of r ∈ ∧2g.
The ondition δ2(X) = 0 is equivalent to the relation [X, [r, r]] = 0, whih itself holds if,
and only if, [r, r] is ad-invariant. Conversely, any r ∈ ∧2g suh that [r, r] is ad-invariant
denes a Lie bialgebra. Suh an r is alled an r-matrix. If moreover [r, r] = 0, then this
Lie bialgebra is alled triangular.
Here are two well-known examples of r-matries.
Example 2.10 ([10, 11, 38, 6℄). 1. Consider a semi-simple Lie algebra g of rank k
over C and a Cartan sub-algebra h. Let {eα, fα, α ∈ ∆+}∪ {hi, i = 1, . . . , k} be a
Chevalley basis. Then r =
∑
α∈∆+
λαeα ∧ fα, where λα = 1(eα,fα) , is an r-matrix.
2. Consider now a ompat semi-simple Lie algebra k over R. Let {eα, fα, α ∈ ∆+}∪
{hi, i = 1 . . . , k} be a Chevalley basis (over C) of the omplexied Lie algebra
g = kC, that we assume to be onstruted so that the family {Xα, Yα, α ∈ ∆+} ∪
{ti, i = 1, . . . , k} is a basis of k (over R) where

Xα = eα − fα for all α ∈ ∆+
Yα =
√−1(eα + fα) for all α ∈ ∆+
ti =
√−1hi for all i ∈ {1, . . . , k}.
Let
rˆ =
√−1 r = √−1
∑
α∈∆+
λαeα ∧ fα.
Then rˆ is, aording to the rst example above, an r-matrix of g = kC. However,
by a diret omputation, one heks that
rˆ =
1
2
∑
α∈∆+
λαXα ∧ Yα
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so that rˆ is indeed an element of ∧2k, and therefore is an r-matrix on k. Hene,
it denes a Lie bialgebra struture on the real Lie algebra k.
2.3 Lie bialgebras and simply-onneted Lie groups
We have already explained how to get a Lie bialgebra from a Poisson group. The inverse
is true as well when the Lie group is onneted and simply-onneted.
Theorem 2.11 (Drinfeld [10℄). Assume that G is a onneted and simply-onneted Lie
group. Then there exists a one-to-one orrespondene between Poisson groups (G, π)
and Lie bialgebras (g, δ).
Example 2.12. In partiular, for a Lie bialgebra oming from an r-matrix r, the
orresponding Poisson struture on G is the bivetor eld ←−r −−→r .
Applying the theorem above to the previous two examples, we are lead to
Proposition 2.13. 1. [10, 11, 6℄ Any omplex semi-simple Lie group admits a nat-
ural (omplex) Poisson group struture.
2. [23, 29℄ Any ompat semi-simple Lie group admits a natural Poisson group stru-
ture, alled the Bruhat-Poisson struture.
Remark 2.14. Poisson groups ome in pairs in the following sense. Given a Poisson
group (G, π), let (g, g∗) be its Lie bialgebra, then we know (g∗, g) is also a Lie bialgebra
whih gives rise to a Poisson group denoted (G∗, π′).
Example 2.15 ([29, 28℄). Sine any element g of the Lie group G = SU(2) is of the
form,
g =
(
α β
−β¯ α¯
)
,
we an dene omplex oordinate funtions α and β on G. Note that these oordinates
are not free sine |α|2 + |β|2 = 1. The Bruhat-Poisson struture is given by
{α, α¯} = 2√−1ββ¯ {α, β} = −√−1αβ
{α, β¯} = −√−1αβ¯ {β, β¯} = 0.
Example 2.16. Below are two examples of duals of Poisson groups.
1. For the Poisson group G = SU(2) equipped with the Bruhat-Poisson struture,
the dual group is [29, 28℄
G∗ = SB(2) ≃


(
a b+
√−1c
0 1
a
)∣∣∣∣ b, c ∈ R, a ∈ R+


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Using these oordinates, the Poisson struture on G∗ is given expliitly by
{b, c} = a2 − 1
a2
{a, b} = ab
{a, c} = ac.
2. For the Poisson group G = SLC(n), equipped with the Poisson braket on-
struted in Example 2.10, the dual group is [38℄
G∗ = B+ ⋆ B− ≃

 (A,B)
∣∣∣∣∣∣
A upper triangular with determinant 1,
B lower triangular with determinant 1,
s.t. diag(A) · diag(B) = 1


2.4 Poisson group ations
Denition 2.17 ([38℄). Let G be a Poisson group. Assume that G ats on a Poisson
manifold X. The ation is said to be a Poisson ation if the ation map
G×X → X : (g, x) 7→ g · x
is a Poisson map, where G×X is equipped with the produt Poisson struture.
Warning 2.18. Note that in general, this denition does not imply that, for a xed
g in G, the ation x 7→ g · x is a Poisson automorphism of X . The reader should not
onfuse Poisson ations with ations preserving the Poisson struture! Note, however,
that when the Poisson struture on the Lie group G is the trivial one, then a Poisson
ation is an ation of G on X whih preserves the Poisson struture.
Example 2.19. Any Lie group G ats on itself by left translations. If G is a Poisson
group then this ation is a Poisson ation.
Proposition 2.20 ([28℄). Let G be a Poisson group with Lie bialgebra (g, δ). Assume
that G ats on a manifold X and let ρ : g → X1(X) be the innitesimal ation. The
ation of G on X is a Poisson ation if and only if the following diagram ommutes
g
ρ
//
δ

X(X)
[π,·]

∧2g ρ // X2(X)
In terms of Gerstenhaber algebras, the ommutativity of the previous diagram has a
lear meaning: it simply means that ρ : ∧•g → X•(X) is a morphism of dierential
Gerstenhaber algebra. In other words, the natural map T ∗X → g∗ indued by the
innitesimal g-ation is a Lie bialgebroid morphism [44℄.
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Example 2.21. For the dual SLC(3)
∗ = B+⋆B− of G = SLC(3). Consider the Poisson
manifold
X =



 1 x y0 1 z
0 0 1


∣∣∣∣∣∣ x, y, z ∈ C


equipped with the Poisson braket [13℄
{x, y} = xy − 2z
{y, z} = yz − 2x
{z, x} = zx− 2y
The Lie group G∗ = B+ ⋆ B− ats on X by
(A,B) · U 7→ AUBT
with (A,B) ∈ B+ ⋆B− ≃ G∗ and U ∈ X . This ation turns to be a Poisson ation [46℄.
3 Poisson groupoids and Lie bialgebroids
3.1 Poisson and sympleti groupoids
In this setion, we rst introdue the notion of Poisson groupoids. The notion of
Poisson groupoids was introdued by Weinstein [42℄ as a uniation of Poisson groups
and sympleti groupoids:
Poisson groupoids
{
Poisson groups
sympleti groupoids
Let Γ ⇒ M be a Lie groupoid. A Poisson groupoid struture on Γ should be a multi-
pliative Poisson struture on Γ.
To make this more preise, reall that in the group ase, the following are equivalent
π is multipliative
⇔ m : G×G→ G is a Poisson map
⇔ {(x, y, xy)|x, y ∈ G} ⊂ G×G×G is oisotropi
where G denotes (G,−π). This motivates the following denition.
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Denition 3.1. [42℄ A groupoid Γ with a Poisson struture π is said to be a Poisson
groupoid if the graph of the groupoid multipliation
Λ = {(x, y, xy)|(x, y) ∈ Γ2 omposable pair} ⊂ Γ× Γ× Γ
is oisotropi. Here Γ means that Γ is equipped with the opposite Poisson struture −π.
Examples 3.2. 1. If P is a Poisson manifold, then P×P ⇒ P is a Poisson groupoid
[42℄.
2. Let A be the Lie algebroid of a Lie groupoid Γ and Λ ∈ Γ(∧2A) be an element
satisfying LX [Λ,Λ] = 0, ∀X ∈ Γ(A). Then π =←−Λ −−→Λ denes a Poisson groupoid
struture on Γ [26℄.
Denition 3.3 ([7℄). A sympleti groupoid is a Poisson groupoid (P ⇒ M,π) suh
that π is non-degenerate. In other words, Λ ⊂ Γ× Γ× Γ is a Lagrangian submanifold.
Examples 3.4. 1. T ∗M ⇒M with the anonial otangent sympleti struture is
a sympleti groupoid
2. If G is a Lie group, then T ∗G ⇒ g∗ is a sympleti groupoid [7℄. Here the
sympleti struture on T ∗G is the anonial otangent sympleti struture. The
groupoid struture is as follows. Right translations give an isomorphism between
T ∗G and the transformation groupoid G × g∗ where G ats on g∗ by oadjoint
ation.
3. In general, if Γ ⇒ M is a Lie groupoid with Lie algebroid A, then T ∗Γ ⇒ A∗ is
a sympleti groupoid. Here the groupoid struture an be desribed as follows.
Let Λ ⊂ Γ × Γ × Γ denote the graph of the multipliation and N∗Λ ⊂ T ∗Γ ×
T ∗Γ×T ∗Γ its onormal spae. One shows that N∗Λ = {(ξ, η, δ)|(ξ, η,−δ) ∈ N∗Λ}
is the graph of a groupoid multipliation on T ∗Γ with orresponding unit spae
isomorphi to A∗ ≃ N∗M . This denes a groupoid struture on T ∗Γ⇒ A∗.
Sympleti groupoids were introdued by Karasev [16℄, Weinstein [41℄, and Zakrzewski
[48, 49℄ in their study of deformation quantization of Poisson manifolds. Their relevane
with the star produts was shown by the work of Cattaneo-Felder [3, 4℄. On the other
hand, the existene of (loal) sympleti groupoids solves a lassial question regard-
ing sympleti realizations of Poisson manifolds [7℄, whih an be desribed as follows.
Given a Poisson manifold M , is it possible to embed the Poisson algebra C∞(M) into
a Poisson subalgebra of C∞(X), where X is a sympleti manifold? Note that aord-
ing to Darboux theorem there exist loal oordinates (p1, . . . , pk, q1, . . . , qk) in whih the
Poisson braket on C∞(X) has the following form: {pi, qj} = δij , {pi, pj} = {qi, qj} = 0.
Hene loally this amounts to nding independent funtions Φi(p1, . . . , pk, q1, . . . , qk), i =
1, · · · , r suh that {Φi,Φj} = πij(Φ1, · · · ,Φr), where the left hand side stands for the
Poisson braket in R2k with respet to the Darboux oordinates and
∑
ij πij
∂
∂xi
∂
∂xj
is
the Poisson tensor on M . This is exatly what Lie rst investigated in 1890 under the
name of Funtion groups [24℄. Let us give a preise denition below.
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Denition 3.5. A sympleti realization of a Poisson manifold (M,π) onsists of a
pair (X,Φ), where X is a sympleti manifold and Φ : X →M is a Poisson map whih
is a surjetive submersion.
This leads to the following natural
Question 3.6. Given a Poisson manifold, does there exist a sympleti realization?
And if so, is it unique?
The loal existene of sympleti realizations was proved by Lie in the onstant rank
ase [24℄. For a general Poisson manifold, it was proved by Weinstein [40℄ in 1983 using
the splitting theorem.
It is lear that sympleti realizations of a given Poisson manifold are not unique.
The following Karasev-Weinstein theorem states that there exist a anonial global
sympleti realization for any Poisson manifold.
Theorem 3.7 ([16, 41℄). 1. Sympleti realizations exist globally for any Poisson
manifold;
2. Among all sympleti realizations, there exists a distinguished sympleti realiza-
tion, whih admits a ompatible loal groupoid struture making it into a symple-
ti loal groupoid.
The original proofs are highly non-trivial. The idea was to use loal sympleti re-
alizations and to path them together. A dierent proof was reently obtained by
Cattaneo-Felder using Poisson sigma models [3℄.
Another approah due to Makenzie and one of the authors is to onsider integrations
of Lie bialgebroids [32, 33℄. An advantage of this approah is the lariation of why
sympleti and groupoid strutures arise in the ontext of Poisson manifolds in suh a
striking manner.
The following theorem gives an equivalent haraterization of Poisson groupoids.
Theorem 3.8 ([44℄). Let Γ
α
⇒
β
M be a Lie groupoid. Let π ∈ X2(Γ) be a Poisson
tensor. Then (Γ, π) is a Poisson groupoid if and only if all the following hold.
1. For all (x, y) ∈ Γ2,
π(xy) = RY π(x) + LXπ(y)− RY LXπ(w),
where w = β(x) = α(y) and X, Y are (loal) bisetions through x and y respe-
tively.
2. M is a oisotropi submanifold of Γ
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3. For all x ∈ Γ, α∗π(x) and β∗π(x) only depend on the base points α(x) and β(x)
respetively.
4. For all α, β ∈ C∞(M), one has {α∗f, β∗g} = 0, ∀f, g ∈ C∞(M).
5. The vetor eld Xβ∗f is left invariant for all f ∈ C∞(M).
Remark 3.9. If M is a point, then (2) implies that π(1) = 0, whih together with
(1) implies the multipliativity ondition. It is easy to see that (3)-(5) are automati-
ally satised. Thus one obtains the haraterization of a Poisson group: a Lie group
equipped with a multipliative Poisson tensor.
3.2 Lie bialgebroids
In order to study the innitesimal ounterparts of Poisson groupoids, we follow the
situation of Poisson groups. As a onsequene of Theorem 3.8, we have the following:
Corollary 3.10. Given a Poisson groupoid (Γ⇒M,π), we have
1. for all X ∈ Γ(A), [←−X, π] is still left invariant
2. πM := α∗π (or −β∗π) is a Poisson tensor on M
Proof. For all X ∈ Γ(A), take ξt = exp tX ∈ U(Γ) (the spae of bisetions of Γ),
ut = (exp tX)(u) and x ∈ Γ with β(x) = u. In other words, ut is the ow of←−X initiated
at u. Let K be any bisetion through x. One gets
π(xut) = Rξtπ(x) + LKπ(ut)− LKRξtπ(u)
⇒ Rξt−1π(xut) = π(x) + LKRξt−1π(ut)− LKπ(u) ∈ ∧2TxΓ
and, dierentiating with respet to t at 0,
(L←−
X
π)(x) = LK
(
(L←−
X
π)(u)
)
.
This implies that L←−
X
π is left invariant.
Now, we an introdue operators δ : Γ(∧iA)→ Γ(∧i+1A). For i = 0,
C∞(M)→ Γ(A) : f 7→ Xβ∗f = [β∗f, π].
For i = 1,
ΓA→ Γ(∧2A) : X 7→ ←−δX = [←−X, π].
The following lemma an be easily veried.
Lemma 3.11. 1. δ(fg) = gδf + fδg, ∀f, g ∈ C∞(M)
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2. δ(fX) = δf ∧X + fδX, ∀f ∈ C∞(M) and X ∈ Γ(A)
3. δ[X, Y ] = [δX, Y ] + [X, δY ], ∀X, Y ∈ Γ(A)
4. δ2 = 0
Denition 3.12. A Lie bialgebroid is a Lie algebroid A equipped with a degree 1 deriva-
tion δ of the assoiative algebra (Γ(∧•A),∧) satisfying onditions 3 and 4 of the previous
lemma.
Exerise 3.13. Show that a Lie bialgebroid struture is equivalently haraterized as
a degree 1 derivation δ of the Gerstenhaber algebra (Γ(∧•A),∧, [, ]) suh that δ2 = 0.
This is also alled a dierential Gerstenhaber algebra [45℄.
Remark 3.14. Given a Lie bialgebroid (A, δ), there is a natural Lie algebroid struture
on A∗ dened as follows.
1. The anhor map ρ∗ : A
∗ → TM is given by
〈ρ∗ξ, f〉 = 〈ξ, δf〉 , ∀f ∈ C∞(M).
2. The braket [, ] is given by
〈[ξ, η], X〉 = (δX)(ξ, η) + (ρ∗ξ) 〈X, η〉 − (ρ∗η) 〈X, ξ〉 , (2)
for all ξ, η ∈ Γ(A∗) and X ∈ Γ(A).
Indeed, equivalently, a Lie bialgebroid is a pair of Lie algebroids (A,A∗) suh that
δ[X, Y ] = [δX, Y ] + [X, δY ], ∀X, Y ∈ Γ(A),
where δ : Γ(A)→ Γ(∧2A) is dened by the above equation (2).
Remark 3.15. If (A,A∗) is a Lie bialgebroid, then (A∗, A) is also a Lie bialgebroid,
alled the dual Lie bialgebroid.
Examples 3.16. 1. If π is a Poisson tensor on M , then A = TM with δ = [π, ·] :
X∗(M)→ X∗+1(M) is a Lie bialgebroid. In this ase, A∗ = T ∗M is the anonial
otangent Lie algebroid [32℄.
2. The dual to the previous one: A = T ∗M , the otangent Lie algebroid of a Poisson
manifold (M,π), together with δ∗ = dDR : Ω
∗(M)→ Ω∗+1(M) [32℄.
3. Coboundary Lie bialgebroid. Take A a Lie algebroid admitting some Λ ∈
Γ(∧2A) satisfying
LX [Λ,Λ] = 0, ∀X ∈ Γ(A).
Let δ = [Λ, ·] : Γ(∧∗A)→ Γ(∧∗+1A). Then (A, δ) denes a Lie bialgebroid [26℄.
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4. Dynamial r-matrix. [14, 27℄ Consider the Lie algebroid A = Th∗ ⊕ g → η
where h is an Abelian subalgebra of g and the Lie algebroid struture on A is the
produt Lie algebroid. Choose a map r : h∗ → ∧2g and onsider it as a element
Λ of Γ(∧2A). Then LX [Λ,Λ] = 0 if, and only if,∑
hi ∧ drdλi + 12 [r, r] ∈ (∧3g)
g
is a onstant funtion over h∗. Here {h1, . . . , hk} is a basis of h and (λ1, . . . , λk)
are the dual oordinates on h∗.
In partiular, if g is a simple Lie algebra and h ⊂ g is a Cartan subalgebra, one
an take
r(λ) =
∑
α∈∆+
λα
(α, λ)
eα ∧ fα
or
r(λ) =
∑
α∈∆+
λα coth (α, λ)eα ∧ fα,
where (eα, fα, hi) is a Chevalley basis.
4 Universal lifting theorem and quasi-Poisson groupoids
The inverse proedure, i.e. integration of Lie bialgebroids to Poisson groupoids, is muh
more triky than the ase of groups. This question was ompletely solved in [33℄. In
this setion, we will investigate the integration problem from a more general perspetive
point of view. In partiular, we show that the integration problem indeed follows from
a general priniple  the universal lifting theorem  in the theory of Lie groupoids,
whih in turn implies other integration results.
4.1 k-dierentials
Let A→M be a Lie algebroid. Then (⊕Γ(∧∗A),∧, [·, ·]) is a Gerstenhaber algebra.
Denition 4.1 ([15℄). A k-dierential on a Lie algebroid A is a degree k−1 derivation
of the Gerstenhaber algebra (⊕Γ(∧∗A),∧, [·, ·]). I.e., a linear operator
δ : Γ(∧∗A)→ Γ(∧∗+k−1A)
satisfying
δ(P ∧Q) = (δP ) ∧Q+ (−1)p(k−1)P ∧ δQ,
δ[[P,Q]] = [[δP,Q]] + (−1)(p−1)(k−1)[[P, δQ]],
for all P ∈ Γ(∧pA) and Q ∈ Γ(∧qA) .
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The spae of all multi-dierentials A = ⊕k≥0Ak beomes a graded Lie algebra under
the graded ommutator:
[δ1, δ2] = δ1◦δ2 − (−1)(k−1)(l−1)δ2◦δ1,
if δ1 ∈ Ak and δ2 ∈ Al.
The following result an be easily heked diretly
Lemma 4.2. A k dierential on a Lie algebroid A is equivalent to a pair of linear
maps: C∞(M)
δ→ Γ(∧k−1A) and Γ(A) δ→ Γ(∧kA) satisfying
1. δ(fg) = g(δf) + f(δg), for all f, g ∈ C∞(M);
2. δ(fX) = (δf) ∧X + fδX, for all f ∈ C∞(M) and X ∈ Γ(A);
3. δ[[X, Y ]] = [[δX, Y ]] + [[X, δY ]], for all X, Y ∈ Γ(A).
Below is a list of basi examples.
Example 4.3. When A is a Lie algebra g, then a k-dierential ⇔ δ : g → ∧kg is a
Lie algebra 1-oyle w.r.t. the adjoint ation.
Example 4.4. 0-dierential ⇔ φ ∈ Γ(A∗) suh that dAφ = 0 is a Lie algebroid 1-
oyle.
Example 4.5. 1-dierential ⇔ innitesimal of Lie algebroid automorphisms [34℄.
Example 4.6. P ∈ Γ(∧kA), then ad(P ) = [[P, ·]] is learly a k-dierential, whih is
alled the oboundary k-dierential assoiated to P .
Example 4.7. A Lie bialgebroid ⇔ a 2-dierential of square 0 on a Lie algebroid A.
4.2 Multipliative k-vetor elds on a Lie groupoid Γ
Let Γ⇒M be a Lie groupoid and Π ∈ Xk(Γ). Dene FΠ ∈ C∞(T ∗Γ×Γ (k). . . ×ΓT ∗Γ) by
FΠ(µ
1, . . . , µk) = Π(µ1, . . . , µk)
Denition 4.8 ([15℄). Π ∈ Xk(Γ) is multipliative if and only if FΠ is a 1-oyle w.r.t.
the groupoid T ∗Γ×Γ (k). . . ×ΓT ∗Γ⇒ A∗×M (k). . . ×MA∗
Remark 4.9. Π is multipliative ⇔ the graph of multipliation Λ ⊂ Γ × Γ × Γ is
oisotropi w.r.t. Π⊕ Π⊕ (−1)k−1Π.
Example 4.10. If P ∈ Γ(∧kA), then −→P −←−P is multipliative.
By Xkmult(Γ) we denote the spae of all multipliative k-vetor elds on Γ. And Xmult(Γ) =
⊕kXkmult(Γ).
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Proposition 4.11. The vetor spae Xmult(Γ) is losed under the Shouten brakets
and therefore is a graded Lie algebra.
The main result of this setion is the following
Universal Lifting Theorem (Iglesias-Laurent-Xu [15℄). If Γ is α-onneted and α-
simply onneted, then
Xmult(Γ) ∼= A
as graded Lie algebras.
Sketh of proof. Given a Π ∈ Xkmult(Γ). Using the oisotropi ondition, one an prove
that for any f ∈ C∞(M) and X ∈ Γ(A), [β∗f,Π] and [←−X,Π] are left invariant. Dene
C∞(M)
δΠ→ Γ(∧k−1A) and Γ(A) δΠ→ Γ(∧kA) by
←−−
δΠf = [β
∗f,Π],
←−−
δΠX = [
←−
X,Π]
One easily heks that
1. δΠ(fg) = g(δΠf) + f(δΠg), for all f, g ∈ C∞(M).
2. δΠ(fX) = (δΠf) ∧X + fδΠX , for all f ∈ C∞(M) and X ∈ Γ(A).
3. δΠ[[X, Y ]] = [[δΠX, Y ]] + [[X, δΠY ]], for all X, Y ∈ Γ(A).
Thus δΠ is a k-dierential. Moreover the relation
[δΠ, δΠ′ ] = δ[Π,Π′]
implies that Φ : Π→ δΠ is a Lie algebra homomorphism.
It is simple to hek that Φ is injetive. This is beause
δΠ = 0 ⇔ L−→XΠ = 0 and Π|M = 0
⇔ Π = 0.
The surjetivity needs more work. The main idea is that when Γ is α-onneted and
α-simply onneted
Γ ∼= P (A)/ ∼
where P (A) stands for the spae of A-paths and ∼ is an equivalene relation on A-paths
alled homotopy, see [8℄ for more details. The quotient spae P (A)/ ∼ an be onsidered
as the moduli spae of at onnetions over the interval [0, 1] with the struture group
being the groupoid Γ. Then
k-dierential on A
⇒ linear k-vetor eld on A
⇒ k-vetor eld on the spae of paths [0, 1]→ A
⇒ desends to a well-dened k-vetor eld on P (A)/ ∼
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Example 4.12. In the oboundary ase, the orrespondene between k-dierentials
and k-vetor elds on Γ is given by
δ = [Λ, ·], Λ ∈ Γ(∧∗A) ↔ Π =←−Λ −−→Λ .
4.3 Quasi-Poisson groupoids
Denition 4.13 ([37℄). A quasi-Lie bialgebroid onsists of a 2-dierential δ on a Lie
algebroid A suh that δ2 = [φ, ·] for some φ ∈ Γ(∧3A) satisfying δφ = 0.
Example 4.14. Quasi-Lie bialgebroids assoiated to twisted Poisson stru-
tures [39, 5℄
Reall that a twisted Poisson manifold [39℄ onsists of a triple (M,π, ω), where π ∈
X2(M) and φ ∈ Ω3(M) satisfy the ondition [π, π] = (∧3π♯)φ and dφ = 0.
Let T ∗M be equipped with the following Lie algebroid struture: the braket on Ω1(M)
is given by
[ξ, η] = Lπ♯ξη −Lπ♯ηξ − dπ(ξ, η) + φ(π♯ξ, π♯η, ·), ∀ξ, η ∈ Ω1(M);
the anhor is ρ = π♯. One easily heks that this is indeed a Lie algebroid, whih is
denoted by (T ∗M)π,φ. Dene
C∞(M)
δ−→ Ω1(M) δ−→ Ω2(M)
by δ(f) = df, ∀f ∈ C∞(M) and δ(η) = dη − π♯η φ, ∀η ∈ Ω1(M). Then δ is a
2-dierential suh that δ2 = [φ, ·] Hene ((T ∗M)π,φ, δ, φ) is a quasi-Lie bialgebroid.
Assume that Γ is an α-onneted and α-simply onneted Lie groupoid with Lie al-
gebroid A. Now let's see what the universal lifting theorem implies. First, note that
δ2 = 1
2
[δ, δ]. Hene we have


δ  π is a multipliative bivetor eld on Γ
δ2 = [φ, ·]  1
2
[π, π] =
←−
φ −−→φ
δφ = 0  [π,
←−
φ ] = 0
This motivates the following
Denition 4.15. A quasi-Poisson groupoid is a Lie groupoid Γ ⇒ M with a multi-
pliative bivetor eld Π on Γ and φ ∈ Γ(∧3A) satisfying the identities on the right
hand side above.
The universal lifting theorem thus implies the following
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Theorem 4.16 ([15℄). If Γ is α-onneted and α-simply onneted Lie groupoid with
Lie algebroid A, then there is a bijetion between quasi-Lie bialgebroids (A, δ, φ) and
quasi-Poisson groupoids (Γ⇒M,π, φ).
Considering various speial ases, we are led to a number of orollaries as below. In
partiular, we reover the theorem of Makenzie-Xu regarding the integration of Lie
bialgebroids.
When φ = 0, we have the following
Corollary 4.17 ([33℄). If Γ is α-onneted and α-simply onneted Lie groupoid with
Lie algebroid A, then there is a bijetion between Lie bialgebroids (A, δ) and Poisson
groupoids (Γ⇒ M,π).
Another speial ase is that A is a Lie algebra.
Corollary 4.18 ([18℄). There is a bijetion between quasi-Lie bialgebras and onneted
and simply onneted quasi-Poisson groups.
In partiular,
Corollary 4.19 ([10℄). There is a bijetion between Lie bialgebras and onneted and
simply onneted Poisson groups.
Now let (M,π) be a Poisson manifold. Then (T ∗M, d) is a Lie bialgebroid, whih gives
rise to an α-onneted and α-simply onneted Poisson groupoid (Γ⇒M,Π) (assuming
that Γ exists). In this ase, M is alled integrable; see [9℄ for preise onditions for a
Poisson manifold to be integrable. One shows that indeed Π is non-degenerate in this
ase. Thus one obtains a sympleti groupoid. This leads to the following
Corollary 4.20 ([16, 41, 7, 3℄). There exists a 1-1 orrespondene between integrable
Poisson manifolds and α-onneted and α-simply onneted sympleti groupoids.
Every Poisson manifold an be realized as the base Poisson manifold of a (loal) sym-
pleti groupoid. In partiular, sympleti realizations always exist for any Poisson
manifold.
Finally onsider the quasi-Lie bialgebroid ((T ∗M)π,φ, δ, φ) as in Example 4.14. Let (Γ⇒
M,Π, φ) be its orresponding α-onneted and α-simply onneted Poisson groupoid.
One shows that Π is non-degenerate. Let ω = Π−1.
Then one easily shows that
1. ω is a multipliative 2-form on Γ, i.e. the 2-form (ω, ω,−ω) vanishes when re-
strited to the graph of the multipliation
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2. dω = α∗φ− β∗φ
That is, (Γ⇒M,ω, φ) is a twisted sympleti groupoid.
Thus we obtain
Corollary 4.21 ([5℄). There exists a 1-1 orrespondene between integrable twisted Pois-
son manifolds and α-onneted and α-simply onneted twisted sympleti groupoids.
4.4 Sympleti quasi-Nijenhuis groupoids
Let M be a smooth manifold, π a Poisson bivetor eld, and N : TM → TM a
(1, 1)-tensor.
Denition 4.22 ([19, 20℄). The bivetor eld π and the tensor N are said to be om-
patible if
N ◦π♯ = π♯◦N∗
[α, β]πN = [N
∗α, β]π + [α,N
∗β]π −N∗[α, β]π
where πN is the bivetor eld on M dened by the relation π
♯
N = π
♯
◦N∗ and
[α, β]π := Lπ♯α(β)−Lπ♯β(α)− d
(
π(α, β)
)
, ∀α, β ∈ Ω1(M). (3)
The (1, 1)-tensor N is said to be a Nijenhuis tensor if its Nijenhuis torsion vanishes:
[NX,NY ]−N([NX, Y ] + [X,NY ]−N [X, Y ]) = 0, ∀X, Y ∈ X(M).
In [35℄, Magri and Morosi dened a Poisson Nijenhuis manifold as a triple (M,π,N),
where π is a Poisson bivetor eld, N is a Nijenhuis tensor and π and N are ompatible.
It is known that any Poisson Nijenhuis manifold (M,π,N) is endowed with a bi-
Hamiltonian struture (π, πN), i.e.
[π, π] = 0, [π, πN ] = 0, [πN , πN ] = 0.
Similarly, one an dene Poisson quasi-Nijenhuis manifolds.
Let iN be the degree 0 derivation of (Ω
•(M),∧) dened by
(iNα)(X1, · · · , Xp) =
p∑
i=1
α(X1, · · · , NXi, · · · , Xp), ∀α ∈ Ωp(M).
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Denition 4.23. A Poisson quasi-Nijenhuis manifold is a quadruple (M,π,N, φ),
where π ∈ X2(M) is a Poisson bivetor eld, N : TM → TM is a (1, 1)-tensor om-
patible with π, and φ is a losed 3-form on M suh that
[NX,NY ]−N([NX, Y ] + [X,NY ]−N [X, Y ]) = π♯(iX∧Y φ), ∀X, Y ∈ X(M)
and iNφ is losed.
Dening a braket [·, ·]N on X(M) by
[X, Y ]N = [NX, Y ] + [X,NY ]−N [X, Y ], ∀X, Y ∈ X(M)
as in [19℄, and onsidering N : TM → TM as an anhor map, we obtain a new Lie
algebroid struture on TM , denoted (TM)N . Its Lie algebroid ohomology dierential
dN : Ω
•(M)→ Ω•+1(M) is given by [19℄:
dN = [iN , d] = iN ◦d− d◦iN . (4)
The following proposition extends a result of Kosmann-Shwarzbah [19, Proposition
3.2℄.
Proposition 4.24. The quadruple (M,π,N, φ) is a Poisson quasi-Nijenhuis manifold
if, and only if,
(
(T ∗M)π, dN , φ
)
is a quasi Lie bialgebroid and φ is a losed 3-form.
In partiular, the triple (M,π,N) is a Poisson Nijenhuis manifold if, and only if,
(T ∗M)π, dN) is a Lie bialgebroid.
We now turn our attention to the partiular ase where the Poisson bivetor eld π is
non-degenerate.
Proposition 4.25. 1. Let (M,π,N, φ) be a Poisson quasi-Nijenhuis manifold. Then,
[π, πN ] = 0, (5)
and
[πN , πN ] = 2π
♯(φ). (6)
2. Conversely, assume that π ∈ X2(M) is a non-degenerate Poisson bivetor eld,
N : TM → TM is a (1, 1)-tensor and φ is a losed 3-form. If Eqs. (5)-(6) are
satised, then (M,π,N, φ) is a Poisson quasi-Nijenhuis manifold.
The following lemma is useful in haraterizing Poisson Nijenhuis strutures in terms
of Lie bialgebroids.
Lemma 4.26. Let (M,π) be a Poisson manifold. A Lie bialgebroid ((T ∗M)π, δ) is
indued by a Poisson Nijenhuis struture if and only if [δ, d] = 0, where d stands for
the de Rham dierential.
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Given a Poisson Nijenhuis manifold (M,π,N), then ((T ∗M)π, dN) is a Lie bialgebroid.
Assume that (T ∗M)π is integrable, and (Γ ⇒ M, ω˜) is its α-onneted and α-simply
onneted sympleti groupoid. Sine d2N = 0 and [dN , d] = 0, the universal lifting
theorem implies that dN orresponds to a multipliative Poisson bivetor eld π˜N˜ on
Γ suh that [π˜N˜ , π˜] = 0, where π˜ is the Poisson tensor on Γ inverse to ω˜. Let N˜ =
π˜♯
N˜
◦ω˜♭ : TΓ → TΓ. Then it is lear that N˜ is a multipliative (1, 1)-tensor, and the
triple (Γ, ω˜, N˜) forms what is alled a sympleti Nijenhuis groupoid.
Denition 4.27. A sympleti Nijenhuis groupoid is a sympleti groupoid (Γ⇒M, ω˜)
equipped with a multipliative (1, 1)-tensor N˜ : TΓ → TΓ suh that (Γ, ω˜, N˜) is a
sympleti Nijenhuis struture.
Thus we have the following:
Theorem 4.28 ([36℄). 1. The unit spae of a sympleti Nijenhuis groupoid is a
Poisson Nijenhuis manifold.
2. Every integrable Poisson Nijenhuis manifold is the unit spae of a unique α-
onneted, α-simply onneted sympleti Nijenhuis groupoid.
Here, by an integrable Poisson Nijenhuis manifold, we mean the orresponding Poisson
struture is integrable, i.e. it admits an assoiated sympleti groupoid.
The above theorem an be generalized to the quasi-setting.
Denition 4.29. A sympleti quasi-Nijenhuis groupoid is a sympleti groupoid (Γ⇒
M, ω˜) equipped with a multipliative (1, 1)-tensor N˜ : TΓ → TΓ and a losed 3-form
φ ∈ Ω3(M) suh that (Γ, ω˜, N˜ , β∗φ− α∗φ) is a sympleti quasi-Nijenhuis struture.
The following result is a generalization of Theorem 4.28.
Theorem 4.30 ([36℄). 1. The unit spae of a sympleti quasi-Nijenhuis groupoid
is a Poisson quasi-Nijenhuis manifold.
2. Every integrable Poisson quasi-Nijenhuis manifold (M,π,N, φ) is the unit spae of
a unique α-onneted and α-simply onneted sympleti quasi-Nijenhuis groupoid(
Γ⇒M, ω˜, N˜ , β∗φ− α∗φ).
4.5 Quasi-Poisson groupoid assoiated to Manin quasi-triple
As an example, in this subsetion, we disuss an important lass of quasi-Poisson
groupoids whih are assoiated to Manin quasi-triples. For details, we refer the reader
to [15℄.
Reall that a Manin pair (d, g) [12℄ onsists of an even dimensional Lie algebra d with an
invariant, non-degenerate, symmetri bilinear form of signature (n, n), and a Lagrangian
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subalgebra g. Given a Manin pair (d, g), let (D,G) be its orresponding group pair (i.e.,
both D and G are onneted and simply onneted with Lie algebra d, g respetively).
The group D and, in partiular G ⊂ D, ats on D/G by left multipliation. This is
alled the dressing ation. One an form the orresponding transformation groupoid
G×D/G⇒ D/G whose Lie algebroid is g×D/G→ D/G.
Assume that h ⊂ d is an isotropi omplement to g:
d = g⊕ h.
This yields a quasi-Lie algebra (g, F, φ). Here, F : g→ ∧2g and φ ∈ ∧3g.
Let λ : T ∗(D/G)→ g×D/G be the dual map of the dressing ation
g∗ ×D/G ≃ h×D/G dressing−−−−→ T (D/G).
Consider A = g×D/G→ D/G. Dene
δ : C∞(D/G)→ Γ(A) = C∞(D/G, g) : f 7→ λ(df).
and
Γ(A)
δ
// Γ(∧2A)
ξ ∈ C∞(D/G, g) // C∞(D/G,∧2g) ∋ F (ξ)
for ξ a onstant funtion.
Extend δ to all Γ(∧∗A) using Leibniz rule.
Proposition 4.31. δ is a 2-dierential on A and δ2 = [φ, ·]. Hene (A, δ, φ) is a
quasi-Lie bialgebroid.
Theorem 4.32 ([15℄). Assume that (d, g, h) is a Manin quasi-triple. Then (G×D/G⇒
D/G, π, φ) is a quasi-Poisson groupoid where
Π
(
(θg, θs), (θ
′
g, θ
′
s)
)
= ΠG(θg, θ
′
g)− ΠD/G(θs, θ′s) +
〈
θ′s, (̂L
∗
gθg)
〉
−
〈
θs, (̂L∗gθ
′
g)
〉
,
with
ΠD/G(df, dg) = −
∑
ǫˆi(f)eˆi(g), ∀f, g ∈ C∞(D/G).
Here {e1, . . . , en} is a basis of g and {ǫ1, . . . , ǫn} the dual basis of h.
Let g be a Lie algebra endowed with a non-degenerate symmetri bilinear form K. On
the diret sum d = g⊕ g one an onstrut a salar produt (·|·) by
((u1, u2)|(v1, v2)) = K(u1, v1)−K(u2, v2),
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for (u1, u2), (v1, v2) ∈ d. Then (d,∆(g), 12∆−(g)) is a Manin quasi-triple with
φ(u, v, w) =
1
4
K(u, [v, w]).
(As usual, ∆(v) = (v, v) is the diagonal map, while ∆−(v) = (v,−v)). In this ase,
D = G × G and D/G ∼= G. Through this identiation, G ats on G by onjugation.
Thus we have the following
Corollary 4.33. Assume that g is a Lie algebra endowed with a non-degenerate sym-
metri bilinear form K and G is its orresponding onneted and simply onneted Lie
group. Then the transformation groupoid G×G⇒ G, where G ats on G by onjuga-
tion, together with the multipliative bivetor eld Π on G×G:
Π(g, s) =
1
2
n∑
i=1
←−
e2i ∧
−→
e2i −
←−
e2i ∧
←−
e1i −
−−−−−−−→
(Adg−1ei)
2 ∧ −→e1i ,
the bi-invariant 3-form Ω := 1
4
K(·, [·, ·]g) ∈ ∧3g∗ ∼= Ω3(G)G on G, is a quasi-Poisson
groupoid. Here {ei} is an orthonormal basis of g and the supersripts refer to the
respetive G-omponent.
Example 4.34. Another example is the ase when (d, g, h) is a Manin triple, i.e., φ = 0.
Then one obtains a Poisson groupoid G×D/G⇒ D/G, whih is a sympleti groupoid
integrating the Poisson manifold (D/G, πD/G). If moreover G is omplete, D/G ∼= G∗
as a Poisson manifold. Thus one obtains the sympleti groupoid of Lu-Weinstein
G×G∗ ⇒ G∗ [30℄.
4.6 Hamiltonian Γ-spaes
In this subsetion, we show that the quasi-Poisson spaes with D/G-valued momen-
tum maps in the sense of Alekseev and Kosmann-Shwarzbah orrespond exatly to
Hamiltonian Γ-spaes of quasi-Poisson groupoids Γ.
Let Γ ⇒ M be a Lie groupoid. Reall that a Γ-spae is a smooth manifold X with a
map J : X → M , alled the momentum map, and an ation
Γ×M X = {(g, x) ∈ Γ×X | β(g) = J(x)} → X, (g, x) 7→ g · x
satisfying
1. J(g · x) = α(g), for (g, x) ∈ Γ×M X ;
2. (gh)·x = g ·(h·x), for g, h ∈ Γ and x ∈ X suh that β(g) = α(h) and J(x) = β(h);
3. ǫ(J(x)) · x = x, for x ∈ X .
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Hamiltonian Γ-spaes for Poisson groupoids were studied in [25℄. For quasi-Poisson
groupoids, one an introdue Hamiltonian Γ-spaes in a similar fashion.
Denition 4.35. [15℄ Let (Γ⇒M,Π,Ω) be a quasi-Poisson groupoid. A Hamiltonian
Γ-spae is a Γ-spae X with momentum map J : X → M and a bivetor eld ΠX ∈
X2(X) suh that:
1. the graph of the ation {(g, x, g · x) | J(x) = β(g)} is a oisotropi submanifold of
(Γ×X ×X,Π⊕ ΠX ⊕−ΠX);
2.
1
2
[ΠX ,ΠX ] = Ωˆ, where the hat denotes the map Γ(∧3A)→ X3(X), indued by the
innitesimal ation of the Lie algebroid on X: Γ(A)→ X(X), Y 7→ Yˆ .
Proposition 4.36. Let (Γ ⇒ M,Π,Ω) be a quasi-Poisson groupoid. If (X,ΠX) is a
Hamiltonian Γ-spae with momentum map J, then J maps ΠX to ΠM , where ΠM is the
bivetor eld on M as in Corollary 3.10.
Consider the quasi-Poisson groupoid Γ : G×D/G⇒ D/G assoiated to a quasi Manin
triple. It is simple to hek that (X,ΠX) is a Hamiltonian Γ-spae i there is a G-ation
on X and a map J : X → D/G satisfying
1. Φ∗(ΠG ⊕ΠX) = ΠX ;
2.
1
2
[ΠX ,ΠX ] = ΩX , where ΩX ∈ X3(X) is dened using the map ∧3g → X3(X)
indued by the innitesimal ation;
3. Π♯X(J
∗θs) = −(λ(θs))X , for θs ∈ T ∗s S, where G ats on D/G by dressing ation.
It deserves to be noted that the latter is exatly a quasi-Poisson spae with D/G-
momentum map in the sense of Alekseev and Kosmann-Shwarzbah [2℄. In summary
we have
Theorem 4.37 ([15℄). If Γ is the quasi-Poisson groupoid Γ : G×D/G ⇒ D/G asso-
iated to a quasi Manin triple, then there is a bijetion between Hamiltonian Γ-spaes
and quasi-Poisson spaes with D/G -momentum map.
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